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$\mathfrak{g}=\mathfrak{g}(A)$ , $I$ symmetrizable generalized Cartan
$r$
matrix $A=(a_{ij})_{i,j\in I}$ $\mathbb{Q}$ Kac-Moody algebra , $\mathfrak{h}$ Cartan
subalgebra, $W$ Weyl ’ . $\mathrm{b}$ $\mathfrak{g}$ Borel subalgebra, , $\mathfrak{h}$
$\mathfrak{g}$ positive root space $\mathfrak{g}$ subalgebra .
$\omega$ : $Iarrow I$ , $i,$ $j\in I$ , $a_{\omega(i),\omega(j)}=a_{ij}$
. , $\omega$ , $\mathfrak{g}$ $\omega\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathfrak{g})$ , $\mathfrak{g}$ triangular
decomposition . $\omega^{*}$ : $\mathfrak{h}^{*}arrow.\mathfrak{h}^{*}$ , $\lambda\in \mathfrak{h}^{*},$ $h\in \mathfrak{h}$ ,
$(\omega^{*}(\lambda))(h):=\lambda(\omega(h))$ ,
$(\mathfrak{h}^{*})^{0}:=\{\lambda\in \mathfrak{h}^{*}|.\omega^{*}(\lambda)=\lambda\}$ , $\overline{W}:=\{w\in W|\omega^{*}w=w\omega^{*}\}$
. $(\mathfrak{h}^{*})^{0}$ symmetric weight .
$\lambda$ symmetric dominant integral weight , $L(\lambda)=\oplus_{\chi\in \mathfrak{h}^{\mathrm{r}}}L(\lambda)_{\chi}$ highest
weight $\lambda$ irreducible highest weight $\mathfrak{g}$-module . , $L(\lambda)_{\chi}$ $L(\lambda)$
$\chi$-weight space . , $\Pi\overline{\mathrm{n}}$ $\tau_{(v}$ : $L(\lambda)arrow L(\lambda)$ ,
$\{$
$\tau_{\omega}(xv)=\omega^{-1}(x)\tau_{\omega}(v)$ for $x\in \mathrm{g},$ $v\in L(\lambda)$ ,
$\tau_{\omega}(v_{\lambda})=v_{\lambda}$ for $v_{\lambda}\in L(\lambda)_{\lambda}$ ,
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$w\in\overline{W}$ , lowest weight $w(\lambda)$ Demazure module $L_{w}(\lambda):=$





twining character [FSS] [FRS] .
, $\mathrm{c}\mathrm{h}^{\omega}(L(\lambda))$ , orbit Lie algebra Kac-Moody algebra
irreducible highest weight module ( ) character
. , [KN] , $\mathfrak{g}$ , $\mathrm{c}\mathrm{h}^{\omega}(L_{w}(\lambda))$
, .
, , path model crystal base, global base
.
Notation. Kac-Moody algebra .
, [Kac] [MP] .
$A=(a_{j}\dot{.}):,j\in I$ : symmetrizable generalized Cartan matrx (GCM) with $\#(I)<\infty$
$\mathfrak{g}=\mathfrak{g}(A)$ : Kac-Moody $\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}/\mathbb{Q}$ associated to $A$
$\mathfrak{h}$ : Cartan subalgebra of $\mathfrak{g}$
$\{\alpha:\}:\in I$ : the set of simple roots, $\{\alpha_{1}^{\vee}$. $\}:\in I$ : the set of simple coroots
$\{x:, y:\}:\in I$ : Chavalley generators, where $x:\in \mathfrak{g}_{\alpha}$:and $y:\in 9-\alpha$:
$\mathfrak{n}_{+}$ : the sum of positive root spaces
$\mathrm{b}:=\mathfrak{h}\oplus \mathfrak{n}_{+}:$ Borel subalgebra of $\mathfrak{g}$
$\Delta_{+}^{\mathrm{r}\mathrm{e}}$ : the set of positive real roots, $\beta^{\vee}:$ the dual root of $\beta\in\Delta^{\mathrm{r}\mathrm{e}}$
$r\rho$ : the reflection with respect to $\beta\in\Delta^{\mathrm{r}\mathrm{e}}$
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$W$ : Weyl group of $\mathfrak{g}$
$M(\lambda):=U(\mathfrak{g})\otimes_{U(\mathrm{b})}\mathbb{Q}_{\lambda}$ : Verma module of highest weight $\lambda$
$N(\lambda)$ : the maximal proper submodule of $M(\lambda)$
$L(\lambda)=\oplus_{\chi\in \mathfrak{h}^{*}}L(\lambda)_{\chi}$ : irreducible highest weight module of highest weight $\lambda$
$L_{w}(\lambda):=U(\mathrm{b})L(\lambda)_{w(\lambda)}$ : Demazure module of lowest weight $w(\lambda)$ in $L(\lambda)$ ,
where $\lambda$ is adominant integral weight, $w\in W$
1THE TWINING CHARACTERS.
twining character (cf. [FSS] and [FRS]).
5-r $\omega$ : $Iarrow I\text{ }$ bijection $\text{ }$ ,
$a_{\omega(i),\omega(j)}=a_{ij}$ for all $i,$ $j\in I$ (1.1)
. , $\omega$ GCM $A$ Dynkin
. , $\omega$ $\mathfrak{g}$ (Lie ) $\omega\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathfrak{g})$ , $\omega(\mathfrak{h})=\mathfrak{h}$
$\{$
\mbox{\boldmath $\omega$}(xi)=x (i) for $i\in I$ ,
\mbox{\boldmath $\omega$}(yi)=y (i) for $i\in I$ ,
$\omega(\alpha_{i}^{\vee})=\alpha_{\omega(i)}^{\vee}$ for $i\in I$
(see $[\mathrm{S},$ \S 1.1] and [FSS, \S 3.2]). $\omega^{*}$ : $\mathfrak{h}^{*}arrow \mathfrak{h}^{*}$
$(\omega^{*}(\lambda))(h):=\lambda(\omega(h))$ for $\lambda\in \mathfrak{h}^{*},$ $h\in \mathfrak{h}$ (1.2)
,
$(\mathfrak{h}^{*})^{0}:=\{\lambda\in \mathfrak{h}^{*}|\omega^{*}(\lambda)=\lambda\}$, $\overline{W}:=\{w\in W|\omega^{*}w=w\omega^{*}\}$ (1.3)
. $(\mathfrak{h}^{*})^{0}$ symmetric weight .
$P\subset \mathfrak{h}^{*}$ , $\omega^{*}$-stable integral weight lattice , $i\in I$
$\alpha_{i}\in P$ , $P_{+}:=\{\lambda\in P|\lambda(\alpha_{i}^{\vee})\in \mathbb{Z}_{\geq 0}, \forall i\in I\}$ $\langle$ . highest
weight $\lambda\in P_{+}\cap(\mathfrak{h}^{*})^{0}$ Verma module $M(\lambda)=U(\mathfrak{g})\otimes_{U(\mathrm{b})}\mathbb{Q}_{\lambda}$ ,
:
\mbox{\boldmath $\omega$}-l\otimes i : $M(\lambda)arrow M(\lambda)$ . (1.4)
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, $M(\lambda)$ maximal proper submodule $N(\lambda)$ ,
. , $\omega^{-1}\otimes \mathrm{i}\mathrm{d}_{\mathrm{Q}_{\lambda}}$ , $L(\lambda)=M$. $(\lambda)/N(\lambda)$
$\tau_{\omega}$ : $L(\lambda)arrow L(\lambda)$ .
Remark 1.1. i) $\tau_{\omega}$ : $L(\lambda)arrow L(\lambda)$ $L(\lambda)$
(see [Nl, Lemma 41] or $[\mathrm{N}\mathrm{S}2$ , Lemma 2:2.3]):
$r$
$\{\begin{array}{l}\tau_{\omega}(xv)=\omega^{-1}(x)\tau_{\omega}(v)\mathrm{f}\mathrm{o}\mathrm{r}x\in \mathfrak{g},v\in L(\lambda)\tau_{\omega}(v_{\lambda})=v_{\lambda}\mathrm{f}\mathrm{o}\mathrm{r}v_{\lambda}\in L(\lambda)_{\lambda}\end{array}$
$\mathrm{i}\mathrm{i})\tau_{\omega}(L(\lambda)_{\chi})=L(\lambda)_{\omega(\chi)}$. for all $\chi\in \mathfrak{h}^{*}$ .
$\tau_{\omega}$ , $L(\lambda)$ twining character $\mathrm{c}\mathrm{h}^{\omega}(L(\lambda))$ .
$\mathrm{c}\mathrm{h}^{\omega}(L(\lambda)):=\sum_{\chi\in(\phi)^{\mathrm{O}}}.\mathrm{t}\mathrm{r}(\tau_{\omega}|_{L(\lambda)_{\chi}})e(\chi)$
. (1.5)
, $w\in\overline{W}$ , Demazure module $L_{w}(\lambda):=U(\mathrm{b})L(\lambda)_{w(\lambda)}$ $\tau_{\omega}$-stable
. , $L_{w}(\lambda)$ twining character $\mathrm{c}\mathrm{h}^{\omega}(L_{w}(\lambda))$
$\mathrm{c}\mathrm{h}^{\omega}(L_{w}(\lambda)):=\sum_{\chi\in(\mathfrak{h}^{*})^{0}}\mathrm{t}\mathrm{r}(\tau_{\omega}|_{L_{w}(\lambda)_{\chi}})e(\chi)$
. (1.6)
. , twining character crystal base, global base
.
, Demazure module $L_{w}(\lambda)$
.
2ORBIT LIE ALGEBRAS.
, orbit Lie algebra
. [FRS] [FSS] .
$\omega$ : $Iarrow I$ (L) :
(L) $:= \sum_{k=0}^{N.-1}a:,\omega^{k}(:)=1$ or 2 for all $i\in I$ . (2.1)
, $N_{1}$. $:=\#\{\omega^{k}(i)|k\geq 0\}$ . (L) linking condition (see
[FSS, \S 2.2] $)$ .
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Remark 2.1 $([\mathrm{F}\mathrm{S}\mathrm{S}, \S 2.2])$ . $\omega$ linking condition (L) , $i\in I$











, $\hat{A}$ $\hat{I}$ .
$\iota$
Proposition 22([FSS, Q22]). $\omega$ linking condition (L)
, $\hat{A}$ symmetrizable GCM .
$\hat{A}$ Kac-Moody algebra $\hat{\mathfrak{g}}$ , orbit Lie algebra .
$\wedge$ . ....
$\hat{\mathfrak{h}}$ : the Cartan subalgebra of $\hat{\mathfrak{g}}$, $\{\hat{\alpha}_{i}\}_{i\in I}$ : the set of simple root.s
$\overline{W}$ : Weyl group of $\hat{\mathfrak{g}}$
$\hat{L}(\hat{\lambda})$ : irreducible highest weight $\hat{\mathfrak{g}}$-module of highest weight $\hat{\lambda}\in\hat{\mathfrak{h}}^{*}$
$\hat{L}_{\hat{w}}(\hat{\lambda})$ : Demazure module of lowest weight $\hat{w}(\hat{\lambda})$ in $\hat{L}(\hat{\lambda})$ for $\hat{\mathfrak{g}}$,
where $\hat{\lambda}$ is adominant integral weight, $\hat{w}\in\overline{W}$
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. , .
Proposition 2.3 ([FRS, Lemma 23]). $P_{\omega}^{*}$ : $\hat{\mathfrak{h}}^{*}arrow(\mathfrak{h}^{*})^{0}$




$P_{\omega}^{*}\downarrow$ $\downarrow P_{\omega}^{*}$ (2.3)
$(\mathfrak{h}^{*})^{\theta}\vec{\Theta(\hat{w})\cdot}(\mathfrak{h}^{*})^{0}$
.
3LAKsHMlBAl-SESHADRI PATHS FIXED BY $\omega^{*}$ .
, [NS1]
. , path model, Lakshmibai-Seshadri path
(cf. [Lil] and [Li2]). $\lambda\in P_{+}$ , $W\lambda$ “Bruhat order”
$\geq$ :
Definition 3.1. $\mu,$ $\nu\in W\lambda$ , $W\lambda$ $\nu_{0}$ , $\nu_{1},$ $\ldots,$ $\nu_{\epsilon}\in$
$W\lambda$ positive real root $\beta_{1}$ , , . . ., $\sqrt$\epsilon \in \Delta , $\mu\geq\nu$
:(1) $\nu_{0}=\mu,$ $\nu_{s}=\nu$ , (2) $\nu_{1}$. $=r\rho\dot{.}(\nu_{1-1}.)$ , (3) $\nu_{1-1}.(\sqrt{}^{\vee}|. )$
.
$<0$ . ,
dist $($ \mu , $\nu)$ , $s$ .
“
$a$-chain” .
Definition 3.2. $\mu,$ $\nu\in W\lambda,$ $0<a<1$ . $W\lambda$ $\mu=$ $>\mu_{1}>$
$\ldots>\mu_{t}=\nu$ , $i=1,2,$ $\ldots,$ $t$ $\mathrm{s}\mathrm{t}(\mu., \mu:-1)=1$ ,
$\mu:=r_{\rho_{:}}(\mu:-1)$ $\sqrt|$. $\in\Delta_{+}^{\mathrm{r}\mathrm{e}}$ , $a\mu:(\sqrt{}^{\mathrm{v}}|. )\in \mathbb{Z}$ , $(\mu, \nu)$
$a$-chain .
Definition 33. $W\lambda$ $\underline{\nu}:\nu_{1}>\nu_{2}>\cdots>\nu_{s}$ , $\underline{a}:0=a_{0}<$
$a_{1}<\cdots<a_{s}=1\emptyset\Phi\pi=(\underline{\nu};\underline{a})\mathrm{B}^{\mathrm{a}}\mathrm{a}$ , shape A $\sigma$) Lakshmibai-Seshadri path (L-S
path) , $i=1,2,$ $\ldots,$ $s-1$ , $(\nu_{\dot{l}}, \nu_{\dot{l}+1})$ $\mathrm{h}$.-chain
. , $\pi=(\underline{\nu};\underline{a})$ ,
$\pi$ : $[0, 1]arrow \mathbb{Q}\otimes_{\mathrm{Z}}P$ :
$\pi(t)=\sum_{\dot{\iota}=1}^{j-1}(a:-a:-1)\nu_{\dot{l}}+(t-a_{j-1}.)\nu_{j}$ if $a_{j-1}\leq t\leq a_{j}$ . (3.1)
shape $\lambda$ L-Spath $\mathrm{B}(\lambda)$ .
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root operator (cf. [Lil] and [Li2]). $\pi\in \mathrm{B}(\lambda)$
$i\in I$ ,
$h_{i}^{\pi}(t):=(\pi(t))(\alpha_{i}^{\vee})$ , $m_{i}^{\pi}:= \min\{h_{i}^{\pi}(t)|t\in[0,1]\}$ (3.2)
. , symbol $\theta$ 1 (crystal 0).
raising root operator $e_{i}$ : $\mathrm{B}(\lambda)\cup\{\theta\}arrow \mathrm{B}(\lambda)\cup\{\theta\}$ .




$t_{0}:= \max\{t’\in[0, t_{1}]|h_{i}^{\pi}(t)\geq m_{i}^{\pi}+1, \forall t\in[0, t’]\}$ .
,
$(e_{i}\pi)(t):=\{$
$\pi(t)$ if $0\leq t\leq t_{0}$ ,
$\pi(t)-(h_{i}^{\pi}(t)-m_{i}^{\pi}-1)\alpha_{i}$ if $t_{0}\leq t\leq t_{1}$ ,
$\pi(t)+\alpha_{i}$ if $t_{1}\leq t\leq 1$ .
(3.4)
.
lowering root operator $f_{i}$ : $\mathrm{B}(\lambda)\cup\{\theta\}arrow \mathrm{B}(\lambda)\cup\{\theta\}$ .
, $f_{i}\theta:=\theta$ , $h_{i}^{\pi}(1)-m_{i}^{\pi}<1$ $\pi\in \mathrm{B}(\lambda)$ , $f_{i}^{\iota}\pi:=\theta$
. $h_{i}^{\pi}(1)-m_{i}^{\pi}\geq 1$
$t_{0}$ :=m {t\in [0,1] $|h_{i}^{\pi}(t)=m_{i}^{\pi}$ },
(3.5)
$t_{1}:= \min\{t’\in[t0,1]|h_{i}^{\pi}(t)\geq m_{i}^{\pi}+1, \forall t\in[t’, 1]\}$ .
,
$(f_{i}\pi)(t):=\{$
$\pi(t)$ if $0\leq t\leq t_{0}$ ,
$\pi(t)-(h_{i}^{\pi}(t)-m_{i}^{\pi})\alpha_{i}$ if $t_{0}\leq t\leq t_{1}$ ,
$\pi(t)-\alpha_{i}$ if $t_{1}\leq t\leq 1$ .
(3.6)
.
Remark 3.4. $\mathrm{B}(\lambda)$ , root operator $e_{i},$ $f_{i}$ : $\mathrm{B}(\lambda)\cup\{\theta\}arrow \mathrm{B}(\lambda)\cup\{\theta\}$
raising operator, lowering operator , : $\mathrm{B}(\lambda)arrow P$ $(\pi)$ $:=\pi(1)$
, normal crystal (cf. [Li2]).
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$\mathrm{B}_{w}(\lambda):=\{(\nu_{1}, \ldots ; \underline{a})\in \mathrm{B}(\lambda)|\nu_{1}\leq w(\lambda)\}$ (3.7)
. , .
Theorem 3.5 ([Li2]). $\pi\in \mathrm{B}(\lambda)$ , $i_{1}$ , i2, :. . , $i_{k}|\in I-$ ,
$\pi=f_{\dot{l}_{1}}f_{\dot{l}_{2}}\cdots f_{1}.k\pi_{\lambda}$ . , $\pi_{\lambda}(t):=(\lambda;0,1)=t\lambda$ $\dot{\text{ }}$ . , $\pi\in \mathrm{B}(\lambda)$
, $i\in I$ , $e:\pi=\theta$ , $\pi=\pi_{\lambda}$ . ,
$\sum e(\pi(1))=\mathrm{c}\mathrm{h}L(\lambda)$ , $\sum$ $e(\pi(1))=\mathrm{c}\mathrm{h}L_{w}(\lambda)$ (3.8)
\pi \epsilon \lambda ) $\pi\in \mathrm{B}_{w}(\lambda)$
.
, \lambda \in P $(\mathfrak{h}^{*})^{0}$ , $\pi\in \mathrm{B}(\lambda)$ , $(\omega^{*}(\pi))(t):=\omega^{*}(\pi(t))$
. , $\mathrm{B}(\lambda)$ $\mathrm{B}_{w}(\lambda),$ $w\in\overline{W}$ , $\omega^{*}$-stable (cf.
[$\mathrm{N}\mathrm{S}1$ , Lemma 3.1.1] $)$ . ,
$\mathrm{B}^{0}(\lambda):=\{\pi\in \mathrm{B}(\lambda)|\omega^{*}(\pi)=\pi\}$ , $\mathrm{B}_{w}^{0}(\lambda):=\mathrm{B}_{w}(\lambda)\cap \mathrm{B}^{0}(\lambda)$ (3.9)
$\langle$ . [NS1] :
.
Theorem 3.6 ([NS1, Theorem 324]). $\lambda\in P_{+}\cap(\mathfrak{h}^{*})^{0},$ $w\in\overline{W}$ , $\hat{\lambda}:=$
$(P_{\omega}^{*})^{-1}(\lambda),\hat{w}:=\Theta^{-1}(w)$ . ,
$\mathrm{B}^{0}(\lambda)=P_{\omega}^{*}(\hat{\mathrm{B}}(\hat{\lambda}))$ , $\mathrm{B}_{w}^{0}(\lambda)=P_{\omega}^{*}(\hat{\mathrm{B}}_{\hat{w}}(\hat{\lambda}))$ (3.10)
. , $\hat{\mathrm{B}}(\hat{\lambda})$ orbit Lie algebra $\hat{\mathfrak{g}}$ shape $\hat{\lambda}$ L-Spath
, $\hat{\mathrm{B}}_{\hat{w}}(\hat{\lambda}):=\{(\hat{\nu}_{1}, \ldots ; \underline{\hat{a}})\in\hat{\mathrm{B}}(\hat{\lambda})|\hat{\nu}_{1}\preceq\hat{w}(\hat{\lambda})\}(\preceq$ $\overline{W}\hat{\lambda}$
Bruhat order) . $\hat{\pi}\in\hat{\mathrm{B}}(\hat{\lambda})$ , $(P_{\omega}^{*}(\hat{\pi}))(t):=P_{\omega}^{*}(\hat{\pi}(t))$
.









$X$ $e$ $f$ . , Theorem 35






$P_{\omega}^{*}(\theta):=\theta$ . , $\mathrm{B}^{0}(\lambda)\supset P_{\omega}^{*}(\hat{\mathrm{B}}\cdot(\hat{\lambda}))$ .. ,
$\pi\in \mathrm{B}^{0}(\lambda)$ , $\pi=\tilde{f_{i_{1}}}\overline{f_{i_{2}}}$
.
$\cdot,\cdot\cdot\overline{f_{i_{k}}}\pi_{\lambda}$ ,
, , $\mathrm{B}^{0}(\lambda).=P_{\omega}^{*}(\hat{\mathrm{B}}(\hat{\lambda}))$ . 2
$\mathrm{B}_{w}^{0}(\lambda)=P_{\omega}^{*}(\hat{\mathrm{B}}_{\hat{w}}(\hat{\lambda}))$ .
Proposition $\cdot 3.7$ ( $[\mathrm{N}\mathrm{S}1,$ Lemma 32.3]). $\lambda\in P_{+}\cap(\mathfrak{h}^{*})^{0},$ $\mu,$ $\nu\in W\lambda\cap(\mathfrak{h}^{*}.)^{0}$ ,
$\hat{\lambda}:=(P_{\omega}^{*})^{-1}(\lambda),\hat{\mu}:=(P_{\omega}^{*})^{-1}(\mu$
.
$),$ $\hat{\nu}:=(P_{\omega}^{*})^{-1}.(\nu)$ . , $W\lambda$ ,
–.-
$\mu\geq\nu$ , $W\lambda$ , $\hat{\mu}[succeq]\hat{\nu}$ .
Theorem 35 Theorem 36
$\sum_{\pi\in\Re(\lambda)}e(\pi(1))=P_{\omega}^{*}(\sum_{\hat{\pi}\in\hat{\mathrm{R}}_{\hat{v}}(\hat{\lambda})}e(\hat{\pi}(1)))$ by Theorem 36
$=P_{\omega}^{*}(\mathrm{c}\mathrm{h}\hat{L}_{\hat{w}}(\hat{\lambda}))$ by Theorem 35(3.13)
. $\mathrm{c}\mathrm{h}^{\omega}(L_{w}(\lambda))$ ,
, crystal base global base .
4 THE $q$-TWINING CHARACTERS.
$U_{q}(\mathfrak{g})=\langle x:, y:, q^{h}|i\in I, h\in P^{\vee}\rangle$
$\mathfrak{g}$
$\mathbb{Q}(q)$ ,
$U_{q}^{+}(\mathfrak{g})$ $x_{i}$ $U_{q}(\mathfrak{g})$ $\mathrm{s}$.ubalgebra . ,’ $P^{\vee}\subset \mathfrak{h}\backslash$ $P$
dual lattice . , (Dynkin) diagram automorphism $\omega$ : $Iarrow I$
$U_{q}(\mathfrak{g})$ ( $\mathbb{Q}(q)$-algebra ) $\omega_{q}\in \mathrm{A}\mathrm{u}\mathrm{t}(U_{q}(\mathfrak{g}))$ ,
$\{$
$\omega_{q}(x_{i})=x_{\omega(i)}$ for $i\in I$ ,
$\omega_{q}(y_{i})=y_{\omega(i)}$ for $i\in I$ ,
$\omega_{q}(q^{h})=q^{\omega(h)}$ for $h\in P^{\vee}$
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( $[\mathrm{S},$ Lemma 1.3.1]). \lambda \in P $(\mathfrak{h}^{*})^{0}$
, \S 1 Lie algebra , irreducible highest weight $U_{q}(\mathfrak{g})-$
module $V(\lambda)$ $\tau_{\omega_{q}}$ : $V(\lambda)arrow V(\lambda)$ ,
$\{\begin{array}{l}\tau_{\omega_{q}}(xv)=\omega_{q}^{-1}(x)\tau_{\omega_{q}}(v)\mathrm{f}\mathrm{o}\mathrm{r}x\in U_{q}(g),v\in V(\lambda)\tau_{\omega_{q}}(v_{\lambda})=v_{\lambda}\mathrm{f}\mathrm{o}\mathrm{r}v_{\lambda}\in V(\lambda)_{\lambda}\end{array}$




, $w\in\overline{W}$ , quantum Demazure module $V_{w}(\lambda):=U_{q}^{+}(\mathfrak{g})V(\lambda)_{w(\lambda)}$
$\tau_{\omega_{q}}$-stable . , $V_{w}(\lambda)$ $q$-twining character
$\mathrm{c}\mathrm{h}_{q}^{\omega}(V_{w}(\lambda)):=\sum_{\chi\in(\mathfrak{h})^{\mathrm{O}}}.\mathrm{t}\mathrm{r}(\tau_{\omega_{q}}|_{V_{w}(\lambda)_{\chi}})e(\chi)$
. (4.2)
. , $\mathrm{t}\mathrm{r}(\tau_{\omega_{q}}|_{V(\lambda)_{\chi}})$ $\mathrm{t}\mathrm{r}(\tau_{\omega_{q}}|_{V_{w}(\lambda)_{\chi}})$ ,
$\mathbb{Q}(q)$ , $\mathbb{Q}[q,q^{-1}]$ . $\cdot$
Proposition .
Proposition 4.1 ( $[\mathrm{S}$ , Proposition 223]). $\chi\in(\mathfrak{h}^{*})^{0}$ ,
$\mathrm{t}\mathrm{r}(\tau_{\omega_{q}}|_{V(\lambda)_{\chi}})|_{q=1}=\mathrm{t}\mathrm{r}(\tau_{\omega}|_{L(\lambda)_{\chi}})$, $\mathrm{t}\mathrm{r}(\tau_{\omega_{q}}|_{V_{w}(\lambda)_{\chi}})|_{q=1}=\mathrm{t}\mathrm{r}(\tau_{\omega}|_{L_{w}(\lambda)_{\chi}})$ (4.3)
. ,
$\mathrm{c}\mathrm{h}_{q}^{\omega}(V(\lambda))|_{q=1}=\mathrm{c}\mathrm{h}^{\omega}(L(\lambda))$ , $\mathrm{c}\mathrm{h}_{q}^{\omega}(V_{w}(\lambda))|_{q=1}=\mathrm{c}\mathrm{h}^{\omega}(L_{w}(\lambda))$ (4.4)
.
5CRYSTAL BASES AND GLOBAL BASES.
\lambda \in P , $(\mathcal{L}(\lambda), B(\lambda))$ $V(\lambda)$ crystal base , $\{G(b)|b\in B(\lambda)\}$




. , quantum Demazure module , :
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, , $\lambda\in P_{+}\cap(\mathfrak{h}^{*})^{0},$ $w\in\overline{W}$ . crystal basi
global base $\tau_{\omega_{q}}$ . , (lowering) Kashiwara operator
$F_{\dot{l}}$ : $V(\lambda)arrow V(\lambda)$ , $\tau_{\omega_{q}}$ :
Lemma 52( $[\mathrm{S}$ , Lemma 32]). $\tau_{\omega_{q}}\circ F_{i}=F_{\omega^{-1}(i)}\circ\tau_{\omega_{q}}$
, $\mathcal{L}(\lambda)$ $\tau_{\omega_{q}}$-stable . $\overline{\tau}_{\omega_{q}}$ : $\mathcal{L}(\lambda)/q\mathcal{L}(\lambda)arrow \mathcal{L}(\lambda)/q.\mathcal{L}(\lambda)$
$\tau_{\omega_{q}}$
$\mathcal{L}(\lambda)/q\mathcal{L}(\lambda)$ .$\text{ }$ , $B(\lambda)$ $\overline{\tau}_{\omega_{q}}$ -stable
. Lemma .
Lemma 53(cf. $[\mathrm{S}$ , Lemma 33]). $\lambda\in P_{+}\cap(\mathfrak{h}^{*})^{0}$ . w\in W. , $B_{w}(\lambda)$
-\mbox{\boldmath $\tau$}\mbox{\boldmath $\omega$} .
PROOF. [$\mathrm{S}$ , Lemma 33] , $B(\lambda)$ $\mathrm{B}(^{\mathrm{t}}\lambda)$
(crystal ) , $\mathrm{B}_{w}(\lambda)$ $\omega^{*}$-stable
, $B_{w}(\lambda)$ .
, $\omega^{*}r_{i}(\omega^{*})^{-1}=r_{\omega^{-1}(i)}$ (see $[\mathrm{N}1$ ,
Lemma 3.13]). $\llcorner$ , $w\in W$ , $w^{\omega}:=\omega^{*}w(\omega^{*})^{-1}\in W$
.
Lemma :
$\overline{\tau}_{\omega_{q}}(B_{w}(\lambda))=B_{w^{\omega}}(\lambda)$ for all $w\in W$. (5.3)
, $w(\lambda)=\lambda$ . $w\in W$ $w(\lambda)\neq\lambda$
, $w’(\lambda)<w(\lambda)$ $w’\in.W$ , (5.3) (
). $w(\lambda)\neq\lambda$ , $r_{i}w(\lambda)<w(\lambda)$ $i\in I$
. , [Kas3, Proposition 323] ,
$B_{w}(\lambda)=\cup F_{i}^{k}B_{r.w}.(\lambda)\backslash \{0\}k\geq 0$
(5.4)
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. , Lemma 52 ,
$\overline{\tau}_{\omega_{q}}(B_{w}(\lambda))=\cup F_{\omega^{arrow 1}(:)}^{k}..B_{r_{\omega^{-1}(:)}\mathrm{u}^{\mu}}..(\lambda)\backslash \{0\}k\geq 0^{\backslash }|-$
(5.5)
. , [$\mathrm{K}\mathrm{a}s3.$ ’ Proposition 323.], $.\varpi$. , (5.5) $.\mathfrak{B}$ $B_{w^{\mathrm{t}\theta}}(\lambda)$
, Lemma $\text{ }$
.
.
global basp $\tau_{\omega_{q}}$ Lein$\grave{\mathrm{m}}\mathrm{a}$ :
Lemma 5.4 ( $[\mathrm{S}$ , Lemma 34]). b\in B(\lambda ).} , $\tau_{\omega_{l}}(G(b))=G(\overline{\tau}_{\omega_{q}}(b))$




$\mathrm{m}\mathrm{m}\mathrm{a}$ 53 Lemma 5.4 , $V_{\mathrm{W}}(\lambda)$ ( $\mathrm{w}.\mathrm{e}\mathrm{i}\mathrm{g}\dot{\mathrm{h}}i$ tor )
$\{G(b)|b\in B_{w}(\lambda)\}$ $\tau_{\omega_{q}}$
.
$.\text{ }$ . . $.arrow.\text{ }$ $\text{ }$. $\mathrm{B}^{\mathrm{a}}$. .
6ISOMORPHISM THEOREM,$\cdot$ . .
.
shape $\lambda$ L-Spath $\mathrm{B}(\lambda)$ root operator $e:,$ $f_{1}$.
raising operator, lowering operator $\text{ }\cdot\llcorner$. , vt :. $\mathrm{B}(\lambda).arrow$ . $P\text{ }\mathrm{w}\mathrm{t}(\pi):=\pi(1).- \mathrm{c}$
, crystal . crystal
structure , (cf. Theorem 35)
$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}6.1$ ([Jo], [Kas4], et al.). $\cdot \mathrm{c}\mathrm{r}\mathrm{y}\dot{\mathrm{s}}\mathrm{t}\mathrm{a}\dot{\mathrm{l}}.\mathrm{b}\mathrm{a}\mathrm{s}\mathrm{e}$ $B^{\cdot}(\lambda)\text{ }$ path model $\mathrm{B}(\lambda)\mathrm{I}\mathrm{h}$ ,
crystal .
$\Phi:B(\lambda)arrow \mathrm{B}(\lambda)$ , $\Phi(B_{w}.(\lambda))=\mathrm{B}_{w}(\lambda)$
([La]). root operator ’ (see $[\mathrm{N}\mathrm{S}1$ ,






. , Coro $\mathrm{a}\mathrm{r}\mathrm{y}$ :
$\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}\dot{\mathrm{l}}\mathrm{a}\mathrm{r}\mathrm{y}6.2$. $\Phi(B_{w}^{0}(\lambda))=\mathrm{B}_{w}^{0}(\lambda)$ .
12
7 TWINING CHARACTER FORMULAS.




: $\mathrm{c}\mathrm{h}_{q}^{\omega}(V_{w}(^{\backslash }\lambda)).=.\sum_{b\in B_{w}^{0}(\lambda)}e(\mathrm{w}\mathrm{t}(b))$
. , Corollary 6.2. ,
$\backslash .$ :
$\mathrm{c}\mathrm{h}_{q}^{\omega}(V_{w}(\lambda))=\sum_{b\in B_{w}^{\mathrm{O}}(\lambda)}e(\mathrm{w}\mathrm{t}(b))$
$=$ $\sum$ $e(\pi(1))$ by Corollary $6_{1}.\dot{2}$
:
\pi \epsilon $(\lambda)$
. Proposition 4.1 ,
$\mathrm{c}\mathrm{h}^{\omega}(L_{w}(\lambda))=$ $\sum$ $e(\pi(1))\backslash$
$\pi\in \mathbb{F}_{w}(\lambda)$
. , (3.13) , twining character formula
(see also [KN]):





(see also [FSS] and [FRS]):




Note: [NS1], [S] , linking con tion (L) ,
J.-H. Kwon , .
[NS3] .
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